The velocity and pressure profiles in the electrolyte due to a rotating disk electrode are determined by solving the two-dimensional ͑2D͒ Navier-Stokes equations employing axial symmetry. Most applications in the literature employ a one-term approximation of the series solution to von Kármán's one-dimensional ͑1D͒ model for the rotating disk electrode. In this work, the finite-element method is used to solve the model equations rigorously within an electrochemical cell of practical dimensions, and the results are compared with the one-term approximate solution and a complete solution to the 1D model. The different hydrodynamic models are coupled with a mass-transport model for oxygen reduction reaction at the surface of the rotating ring disk electrode. The complete series solution is accurate to within four digits when compared to the 2D model, whereas the one-term approximation gives rise to an error as high as 4% in the limiting current values. Similar calculations on a ring disk electrode show that the one-term approximation underestimates the collection efficiency and the ratio of the ring and the disk currents of a sectioned electrode by 1-4%. The fluid motion due to a rotating disk is described by the Navier-Stokes equations and the continuity equation. This system of equations can be simplified to a set of two-dimensional ͑2D͒ equations using the steady-state, the axial symmetry, and the incompressible Newtonian fluid assumptions.
The fluid motion due to a rotating disk is described by the Navier-Stokes equations and the continuity equation. This system of equations can be simplified to a set of two-dimensional ͑2D͒ equations using the steady-state, the axial symmetry, and the incompressible Newtonian fluid assumptions.
1,2 They can be further reduced to a set of one-dimensional ͑1D͒ equations by a combination of variables technique as presented by von Kármán. 3 The 1D equations subject to a set of concise boundary conditions were solved using a series expansion method. [4] [5] [6] Numerical solutions to the 1D model using Newman's finite difference method were also presented by White et al. 5, 6 The numerical solution to the 1D model are used with mass transport equations in the literature. 7 Multiple terms of the series solution are also used in some applications. [8] [9] [10] However, oneterm approximations of the series expansion solutions are used widely in the simulation of rotating ring disk electrode ͑RRDE͒ systems. [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] Analytical solutions for electrochemical systems are often made possible using the closed-form solution for the velocity profile when only the first term of the series expansion is used; but a truncation error is inevitably introduced in the velocity components. 9 One must exert caution to ensure that the Schmidt number is large enough to ignore the truncation error. 7, 9 In the present work, a rigorous solution to the 2D Navier-Stokes equations is obtained using the finite-element method. The one-term approximate solution to the von Kármán equations is compared to the complete series expansion, a numerical solution to the 1D model, and a numerical solution to the 2D model. The influence of a finite geometry and edge effects are studied.
Modeling Domain
An electrochemical cell whose dimensions are close to the cells commonly used in the laboratory as shown in Fig. 1a is used as the modeling domain and no-slip conditions at the walls of the cell and the electrode surface are employed. The model domain for this case is shown in Fig. 1b . The dimensions of the cell are as follows: h deep is the depth of the electrode immersed into the electrolyte in centimeters, r 0 is the radius of the electrode in centimeters, h fluid is the distance from the surface of the cylinder to the bottom of the cell in centimeters, r bottom is the radius of the bottom of the cell in centimeters, and r top is the radius of the free surface of the fluid in centimeters. Numbers in italics represent the boundaries. Boundaries 1-6 represent the axis of the cylindrical coordinate ͑r = 0, 0 Ͻ z Ͻ h fluid ͒, the surface on the bottom of the cylinder ͑z = 0, 0 Ͻ r Ͻ r 0 ͒, the sidewall of the cylinder ͑r = r 0 , h deep Ͻ z Ͻ 0͒, the free surface of the fluid ͑z = h deep , r 0 Ͻ r Ͻ r top ͒, the wall of the cell ͑r = r top , z = h deep to r = r bottom , z = h fluid ͒, and the bottom of the cell ͑z = h fluid , 0 Ͻ r Ͻ r bottom ͒, respectively. Depending on the dimensions of the cell and the rotating speed, the walls of the cell offer a finite resistance to the fluid flow. To capture this phenomenon, no-slip conditions are used at the walls as discussed below.
Model Equations
2D model.-The following assumptions are used in developing the 2D models: the fluid is an incompressible Newtonian fluid with constant density and viscosity; the system exhibits axial symmetry, and is at steady state. The Navier-Stokes equation and the continuity equation in cylindrical coordinates are then reduced to the following expressions 2, 16, 22, 23 Continuity equation where u r is the radial component of the velocity in cm/s, u is the angular component of the velocity in cm/s, and u z is the axial component of the velocity in cm/s, p is the pressure in dyn/cm 2 or g/cm s 2 , is the density of the fluid in g/cm 3 , and is the viscosity of the fluid in poise or g/cm s. As shown in Eq. 1-4, the equation system is 2D with independent variables r and z, even though all three velocity components ͑u r , u , and u z ͒ are modeled.
The capability of simulating a case identical to a practical cell is the main advantage of the 2D model compared to von Kármán's model. Constrains of the infinite disk radius and the semi-infinite fluid body are relaxed. The walls of the container offer a resistance to the fluid flow at a finite length along each direction. Hence, the no-slip condition applies at the boundaries constrained by the walls of the container ͑boundaries 5 and 6͒
At the surface of the electrode ͑boundaries 2 and 3͒, no-slip conditions apply again u r = 0, u z = 0 and
where ⍀ is the rotating speed of the electrode in rad/s. Note that the units rad/s are used in the calculations, but the units of revolution per minute ͑rpm͒ are used in the narrative part in this work for convenience. On the free surface of the fluid ͑boundary 4͒, the slip condition is used. The slip condition means that the normal component of the velocity u z is 0, and tangential components of the viscous force vanish 24 ‫ץ‬u r ‫ץ‬z = 0, ‫ץ‬u
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At the axis of the cylindrical coordinate ͑boundary 1͒, the axial symmetry conditions are used
The pressure is set to be equal to zero arbitrarily at a reference point. In our case, the reference was set at boundary 4
1D model.-The 2D model equations were reduced by von Kármán in 1921 to a set of ordinary differential equations by introducing the following dimensionless variables
where is the dimensionless normal distance from the surface of the cylinder, F is the dimensionless radial velocity, G is the dimensionless velocity component in the tangential direction, H is the dimensionless velocity component in the normal direction for the surface of the cylinder, and P is the dimensionless pressure. Accordingly, Eq. 1-4 may be written as 3, 25, 26 2F + HЈ = 0 ͓12͔
where the prime designates differentiation with respect to . The boundary conditions are
and
Because the equation for P is uncoupled, the dimensionless velocity components H, F, and G can be obtained by solving Eq. 12-14, and the pressure P is obtained subsequently by integrating Eq. 15. Cochran solved Eq. 12-14 subject to boundary conditions Eq. 16 and 17 by expanding the components of the velocity field first in a power series in the dimensionless distance from the disk, which were assumed to be valid near the disk
and second in an exponential series which was assumed to be valid far from the disk
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Benton 27 solved this problem by utilizing a technique suggested by Fettis 28 and tabulated the velocity field, its derivatives, and the pressure field to four significant figures. White et al. obtained the values for the five characteristic parameters ͑i.e., a, b, ␣, A, and B in Eq. 18-23͒ in Cochran's series solution by requiring that the two sets of expansions must yield the same values for the functions as well as the derivatives of F and G at = 1. White et al. also solved this problem numerically using Newman's finite difference technique and obtained the five parameters that were consistent with those from the series expansion method. 5 In this work, a finite-element solution to Eq. 12-17 is obtained.
Results and Discussion
2D simulation in a finite domain.-Equations 1-4 subject to boundary conditions Eq. 5-9 are solved in the domain shown in Fig.  1b by using a finite-element package called COMSOL MultiPhysics. The dimensions used in the simulation are as follows: r bottom = 3 cm, r top = 4 cm, h fluid = 4 cm, r 0 = 0.5 cm, and h deep = 1 cm. The swirl flow mode was used for modeling the equations in the 2D model. The mesh size was set not to exceed a maximum dimension of 0.001 cm; selective refining at the edges helped in addressing steep gradients and the degrees of freedom was about 211,000. The relative tolerance was set to 1 ϫ 10 water are used in this calculation: = 1 g/cm 3 and = 0.012 cm 2 /s. A detailed step-by-step procedure for solving the model is available from the authors upon request.
To compare the numerical solutions from the different models, all variables are made dimensionless using Eq. 10 and 11. The velocity components and pressure distribution in the region of = 0-10 ͑i.e., h fluid = 0-0.12 cm at a rotation speed of 900 rpm͒ are shown in Fig. 2 . The abscissas represent the dimensionless distance from the surface of the electrode, while ordinates represent the dimensionless dependent variables H, F, G, and P in Fig. 2a-d , respectively. Curves are obtained at different radial distances from the axis of the cylinder, i.e., r = 0.01, 0.25, 0.48, 0.495, 0.5, and 0.505 cm, representing a point near the center of the cylinder, on the outer radius of a typical electrode inserted in the cylinder, at r just smaller than r 0 , at r = r 0 , and at r just greater than r 0 , respectively. Note that the variables F and G, and their corresponding dimensional forms u r and u , change dramatically from zero at r = 0 to r = 0.01 cm due to the boundary condition Eq. 8. The profiles of H, F, G, and P barely change between r = 0.01 and r = 0.25 cm, but they change significantly at around r = r 0 , which corresponds to the edge of the cylinder. In general, the normal component of the velocity ͑H͒ tends to increase with r, until r = r 0 , because the barrier normal to this velocity component ͑i.e., the electrode surface͒ is about to disappear beyond the edge of the cylinder. The radial component ͑F͒ changes correspondingly to satisfy the continuity equation ͑Eq. 1͒. Beyond r = r 0 , F decreases rapidly because the driving force provided by the rotating cylinder is lost beyond r 0 . The angular velocity component ͑G͒ tends to decrease beyond the edge of the cylinder because the no-slip conditions no longer prevail in the r direction beyond r = r 0 . The change of the dimensionless pressure P with a change in r is dramatic and anomalous as shown in Fig. 2d . This phenomenon is caused by the complexity of the fluid motion arising from the disappearance of the barrier at the edge of the cylinder ͑r = r 0 ͒, and the disappearance of the driving force at the edge of the cylinder ͑r = r 0 ͒.
The effect of the rotating speed of the cylinder is shown in Fig. 3 . The rotating speed is varied from 1 to 2500 rpm. When the rotating speed is slow, the edge effects at the surface of the cylinder are prominent. To investigate this phenomenon further, let us consider the thickness of a thin layer of liquid subject to viscous forces caused by a rotating disk of infinite radius, popularly defined as the hydrodynamic boundary layer 
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Note that the corresponding dimensionless thickness of the hydrodynamic boundary layer is h = 3.6 according to Eq. 10. As shown in Fig. 2 and 3 , this value of the abscissa does not correspond to an infinite boundary and the corresponding boundary conditions ͑Eq. 16 and 17͒ are not satisfied at the value of h . The thickness of this layer ͑z h ͒ varies between 1.22 and 0.02 cm for rotating speeds ranging from 1 to 2500 rpm. Relative to the thickness of the hydrodynamic boundary layer, the radius of the cylinder ͑r 0 = 0.5 cm͒ is far from the theoretical value of infinity when the rotating speed is low. For example, the thickness of the hydrodynamic boundary layer is 0.12 cm at a rotating speed 100 rpm. As a result, for low rotating speeds ͑⍀ Յ 100 rpm͒, all the dimensionless velocity components are overestimated in the region near the surface of the electrode, compared to the values expected for the "infinite radius" case. At lower rotation speeds, the semi-infinite domain assumption becomes questionable again. For example, at = 10, the wall effects become increasingly prominent for lower rotation speeds. The synergetic effect of the edge of the cylinder, the sidewall of the cylinder, and the walls of the cell is that the velocity components are overestimated at a lower rotating speed, and these effects are weaker at a higher rotating speed. As observed in Fig. 3 , the velocity component profiles do not change significantly at or over 900 rpm, which is commonly used in experiments. [29] [30] [31] Comparison of the results obtained using the different models.-The 1D model represented by Eq. 12-15 subject to boundary conditions Eq. 16 and 17 is solved using = 10 to approximate the infinite boundary condition. 23 This solution is compared with the finite geometry solution. For the series solution of Eq. 12-15 shown in the previous section, the five characteristic parameters used in Eq. 18-23, i.e., a, b, ␣, A, and B are presented in the work of White et al. 5, 6 Series solutions are preferred in electrochemical systems involving the motion of fluid due to rotating disk electrodes ͑RDEs͒ because they make analytical solutions possible. 15, 17, 18, 32 Even in the case of solving an electrochemical system numerically, series solu- tions for the velocity profiles are still lucrative, because they offer a substantial reduction in the net computational cost. However, in most cases, only the first term of the series solution is used
Examples are the Levich equation, 15 the calculation of collection efficiency ͑N͒ of an RRDE, 17, 18, 32 simulation of polarization curves in electrochemical systems, 33 and the calculation of the ratio of the ring current to the disk current during a potential sweep in a sectioned electrode. 17 In this section, the degree of the truncation error introduced in calculating the limiting currents, collection efficiencies, and f factors for a sectioned electrode ͑see below͒ are discussed. A comparison of Eq. 25 and 26 to the numerical solutions for the 2D model ͑at ⍀ = 900 rpm, r = 0.01 cm͒ is shown in Fig.  4 . The solid curves indicated by "F 2-D " are the results of the simulation from the complete series solution, while the nearby dotted lines are the results from the 2D model. These results are in good agreement with a maximum error of 1.5%. However, when Eq. 25 and 26 are used, the velocity components in z and r direction are overpredicted, and the calculated rates of mass transport are greater than the actual values. Thereby, the limiting current predicted by Levich equation 15 or by simulations employing only the first term of the series solution 33 is over-rated, and the collection efficiency N 17, 18 is underestimated. Specifically, when the one-term solution for u z or H ͑Eq. 25͒ is used for the simulation of polarization curves of the 2e − transfer reduction of oxygen
in 0.5 M H 2 SO 4 at an RRDE ͑detailed calculation results are shown in a previous work 34 ͒, the limiting current is −5.32 ϫ 10 −4 A, which is the same as that predicted by the Levich equation. However, when the 2D model ͑case 2͒ is used for the hydrodynamic aspect of the same simulation, the resultant limiting current was −5.15 ϫ 10 −4 A, which is about 4% smaller than the prediction from the Levich equation.
As a second example, the effect of approximations in the velocity profiles on the calculation of collection efficiency at RRDE is illustrated. Six sets of calculated values for the collection efficiency N are listed in Table IV of the work of Albery et al. 18 These values are listed against the row marked "N-1965" in Table I . The values in the last column are calculated based on the dimensions of an RRDE provided by Pine Instruments. The values obtained for the collection efficiency ͑N͒ from other solutions are tabulated alongside. In Table  I , r 1 is the radius of the disk in centimeters, r 2 is the inner radius of the ring in centimeters, and r 3 is the outer radius of the ring in centimeters. The entries against the row marked "N-2D" show the values of the collection efficiency ͑N͒ calculated using the velocity profiles obtained from the 2D model based on Eq. A third example is the application of the solution of the motion due to RDE for the sectioned electrode which is formally an RRDE while potential is swept on both the ring and the disk synchronously. The reactions resemble those that occur on a disk divided by an inert separator. Table II 
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for a sectioned electrode. The values in the row marked "f-literature" were presented in the work of Smyrl et al. 17 and calculated using an analytical formula based on the one-term approximation of the series solutions for the velocity components in a RDE setup. 17 The values in the row marked "f-simulation" are obtained by solving the 2D model directly along with a mass-transport model for the oxygen reduction reaction ͑Reaction 27͒ at a sectioned electrode in 0.5 M H 2 SO 4 electrolyte. The parameters and the transport equations used for this calculation are shown in our previous work. 34 The differences between the values of f-literature and f-simulation is about 1%, and this arises due to the one-term approximation used to calculate the value reported in the literature, whereas the rigorous solution using the 2D model is used in this work. When the oxygen reduction reaction is simulated in 0.5 M H 2 SO 4 solution saturated with oxygen, the concentration of oxygen stops changing when is greater than about 0.3 as shown in Fig. 5 . ͑Note that the rotation speed need not be specified because the dimensionless variable is used here.͒ The details of this calculation were shown in a former work. 34 As shown in Fig. 5 , the discrepancy between the complete solution and the one-term approximate solutions is not prominent when is less than 0.03. These results show that the 1D model solutions can be safely used to simulate the velocity profiles in an actual cell with dimensions similar to those used in this work without introducing a significant error only when the rotating speed is in the range of 100-2500 rpm.
Conclusions
The series expansion solutions to the 1D semi-infinite domain model for the fluid motion due to an RDE agrees with the numerical solution for the 2D model in a finite geometry when the rotating speed is 900 rpm or higher. In addition, the 2D model provides the radial distribution for the variables of interest and the effects of a stationary wall and the edges of the electrode. Edge and wall effects are prominent when the rotating speed is 400 rpm or lower for the dimensions of the cell used in this work. When only one term of the series solution is used to calculate the limiting current, the collection efficiency N, or the f value for a sectioned electrode, a discrepancy of 1-4% is introduced. Figure 5 . Concentration profiles of oxygen obtained using the one-term approximate solutions and the 2D numerical solution at r = 0.01 cm, ⍀ = 900 rpm.
